Introduction
Commuter bus routes are generally located on main thoroughfares of urban areas. However, considering realistic distributions of passenger travel demand over space and time, many route locations may not be cost-effective from either the operator or user standpoint. Therefore, relocating bus routes and redesigning headways may reduce operating costs as well as improve passenger accessibility.
Both transit operators and passengers prefer short and fast routes to reduce the operating cost and travel time, respectively. However, passengers also prefer bus routes that can be easily accessed from their origins and destinations. To reduce access impedance, tortuous routes are often constructed. This, in turn, is likely to increase both the in-vehicle portion of user travel time as well as the bus operating cost. Transit operators are well aware of this trade-off when planning a new bus route or extending an existing service.
In the past 30 years, many researchers have analyzed the problems of optimal transit service design with many-to-one travel patterns by using analytical methods (Byrne and Vuchic 1971; Chang and Schonfeld 1991; Hurdle 1973; Spasovic and Schonfeld 1993; Spasovic et al.1994; Wirasinghe et al. 1977) . They dealt with selecting zones, route/line spacings, headways, and route lengths designed to carry people between distributed origins and a single destination (e.g., central business district [CBD] , transfer station, etc.). By assuming demand homogeneity of the service area, the researchers optimized the characteristics of bus systems consisting of a set of parallel routes feeding a major transfer station of a trunk line or a single terminal point, such as the CBD.
A recent method for analyzing fixed-route bus systems is the out-of-direction (OOD) technique (Welch et al. 1991) . This method improves the accessibility of a bus system by improving passenger accessibility along certain route segments. Chien and Schonfeld (1997) optimize a grid transit system in an urban area without oversimplifying the spatial and demand characteristics. They extended the model to jointly optimize the characteristics of a rail transit route and the associated feeder bus routes in an urban corridor (Chien and Schonfeld 1998) . Chien and Yang (2000) developed an algorithm to search for the best bus route feeding a major intermodal station while considering the intersection delays and realistic street network. The model optimized the bus route location and operating headway by minimizing the sum of operator and user costs. It considered irregular and discrete demand realistically distributed over the service area. The route and headway were optimized analytically.
In marked contrast to the above research, this article deals with the irregular grid street network, including diagonal streets and heterogeneous demand over the service area. To formulate bus routing problems, diagonal streets are transformed into horizontal and vertical links so the grid structure of the network could be preserved to facilitate the computational process. Actual lengths of diagonal links are taken into account when calculating the route length and travel times. The bus route, headway, and fleet size are optimized by minimizing the total cost (the sum of operator and user costs). A computer program is developed to search for the optimal solution.
Assumptions
The commuter network discussed in this article is a general grid network with some diagonal links. To formulate the mathematical optimization model for such a network, the following assumptions are made:
• The irregularly shaped service area can be divided into many zones according to the street spacing and demand distribution.
• A feeder bus route provides service between the suburban area and the CBD ( Figure 1a) . Thus, the travel demand pattern of the area is many-toone in the morning peak period and one-to-many during the afternoon peak period.
• A line-haul distance J, connecting the CBD (or a major transfer station) and the service area at an entry point, is assumed to be constant.
• The demand is not sensitive to bus service quality or fare and is uniformly distributed within each zone. The zones may have different associated cost, demand, land-use, and traffic characteristics.
• Buses can stop anywhere along the route whenever a boarding or an alighting is requested by a passenger. Thus, the bus stop location can be ignored.
• Passengers access the route randomly, while the headway is short enough to assume that average wait time is half of the headway.
• The value of time is assumed to be additive. This assumption can be relaxed as long as the function of time value can be developed.
• The intersection (or node) delay incurred by bus is constant regardless of the bus size but may vary at different intersections.
• Vehicle layover time is negligible.
Figure 1a: Graphical Interpretation of the Street Network
There are two types of links classified in the study network: real links and dummy links. Real links represent actual streets with the network. Dummy links do not exist in reality but are included to normalize the grid network structure. The length of dummy links is assumed to be infinite. Thus, in a minimization problem it will generate an infinite penalty for vehicles traveling through these links.
A diagonal link makes "triangular areas" with adjacent streets as shown in Figure 1a (shaded triangle A-C-D). The diagonal links are converted into horizontal and vertical links, as shown in Figure 1b . Diagonal links (AD and DG) have been replaced by horizontal links (XY and MN), while the link length remains the same. When calculating the total route length, the distance between the previous node (e.g., A) and the incident node of the horizontal link (e.g., X) is equal to zero (AX = 0). The same situation holds for link YD (YD = 0). However, the route that includes link XY must also contain links AX and YD. The length of link XC is assumed to be equal to the actual length of the vertical link originally connecting nodes A and C. The same situation holds for link BY (which has the length of the vertical link originally connecting nodes B and D).
As part of the transformation, new links marked as "dummy links" are introduced as extensions of links XY and MN (e.g., L1, L2, L3, . . ., L10, etc.) to preserve the grid network structure. Since new nodes are introduced in this transformation, intersection delay times for these nodes must also be defined. The intersection delay for node X is equal to the intersection delay of node A. In the same manner, the intersection delays of nodes Y and M are equal to the intersection delay of node D, while the intersection delay of node N is equal to that of node G. To avoid double counting the intersection delay (e.g., Y, D, and M), only intersection delay at the immediate downstream node of a link is considered when the route travel time is calculated. Delays at intersections of dummy links are set to be zero.
Model Formulation
The mathematical notation and the definition of variables and parameters used in this section are summarized in Table 1 . The network, shown in Figure 1a , is divided into m rows and n columns, containing m x n zones ( Figure 1b ). The location of each zone is defined by indices of rows and columns. Demand of a zone, denoted by q ij (1 < i < m, 1< j < n), is defined by the number of passengers of a particular zone. The following matrices define horizontal and vertical links, and network nodes.
Horizontal Links
if the link connecting nodes (i. j) and (i, j +1) is part of the bus route;
otherwise.
if the link connecting nodes (i, j) and (i, j +1) is a dummy link; otherwise
Vertical Links
As discussed in the previous section, each diagonal link is transformed into a horizontal link, and the row where the diagonal link was is split into two geometrically equal rows. There are three types of vertical links in the two new rows that replaced the original row:
i. A vertical link that represents a point where a diagonal link is beginning or ending (e.g., links AX and YD in transformed network shown in Figure 1b represent points A and D in original network shown in Figure 1a ). Value of for these links is equal to 0.
if the vertical link connecting nodes (i, j) and (i +1, j) is a part of the bus route;
ii. A new vertical link that represents the original vertical link leading to/from diagonal link (e.g., links XC and BY in Figure 1b represent links AC and BD in the original network in Figure 1a ). Value of for these links will be equal to original height of the initial row containing the diagonal link.
iii. A vertical link that is not connected with the diagonal link, but is in the transformed row. Value of for such vertical links is equal to half of the original row height if the vertical link was a real link, or equal to + ∞ if the vertical link was a dummy link (e.g., link PQ in the Figure 1b is equal to one half of the link PR in Figure 1a ).
Nodes
if the vertical link connecting nodes (i, j) and (i + 1, j) is a dummy link; otherwise;
Since the passenger demand of zone (i, j), denoted by q ij , to the CBD is known, the total passenger demand (Q) can be calculated as:
for m > 1 and n > 1
The objective function of the analyzed bus routing problem is the total system cost (C T ), including operator cost (C s ) and user cost (C u ). Thus,
The operator cost, in dollars per hour, is equal to the fleet size (F) multiplied by the bus operating cost (u B ):
The bus operating cost can be estimated from the average wage rate labor, insurance, and maintenance expenses. Required fleet size can be estimated from the vehicle round-trip time (T R ) divided by the headway (H B ). Thus,
In Equation (4) the round trip travel time (T R ) is double the sum of bus route travel time (T L ), total route intersection delay (T D ), and line-haul travel time (T J ), while the vehicle layover time is negligible here. Therefore,
The total local route travel time (T L ) is defined as:
, for m > 1 and n > 1
where:
V B is the average bus operating speed on local streets.
The average intersection delay time Tij incurred by buses can be estimated from the field data. Thus, the total intersection delay (T D ) per bus trip can be formulated as:
The bus line-haul travel time, denoted by T J , is equal to the line-haul distance (L J ) divided by the line-haul speed (V J ):
The user cost considered in this study consists of three elements: user access cost (C A ), user wait cost (C W ), and user in-vehicle cost (C V ):
User access cost C A , incurred by passengers walking to the bus route, is defined as the product of user access time for each zone (i, j), denoted by a ij , and user access cost u A (i.e., the value of access time):
It is assumed that the passengers from zone always walk the shortest distance to access the bus route. The minimum distance between zone and the access point can be estimated from the sum of horizontal and vertical distances between the gravity point of zone and the access point. Thus, the total access time for the passengers from the zone is:
where: g denotes average passenger walking speed.
To estimate the user in-vehicle time, denoted by C V , it is necessary to determine where passengers access the bus and how much time they spend on the bus. The first step is to identify the access point for passengers from each zone. This can be done using the shortest distance rule for calculating passenger access time. Passenger in-vehicle time is defined as the average time each passenger spends in the bus. This time is equal to total travel time including link travel times and intersection delays along the bus route. Therefore, in-vehicle time for each passenger is equal to travel time between the access point and the destination. All passengers from a particular zone will incur the same average in-vehicle time since they have the same access and destination points. Thus, total in-vehicle time for passengers from one zone is equal to the product of passenger demand for that zone and average in-vehicle time for passengers from that zone. Total passenger in-vehicle time, denoted by S V , is simply the sum of in-vehicle times for all the zones in the network. And the user in-vehicle cost is equal to the product of total in-vehicle time S V and value of user in-vehicle time u I :
User wait cost, the last component of total user cost, is subject to the assumption that average wait time is half of the headway. The wait cost can be formulated as:
is the average user wait time (half of headway).
equals total passenger boarding.
u W the value of passenger wait time.
Total System Cost -C T
The objective of this study is to minimize the total system cost. The objective total cost function is:
C S , C A , C V , and C W can be obtained from Equations (3), (10), (12) and (13), respectively.
Since the decision variables in C T include B IJ , and, H B the total cost function can be expressed as: (15) for 1 < i < m, 1 < j < n, 1 < I < (m + 1), 1 < J < (n + 1).
The optimal bus headway can be optimized if , and B IJ (elements of bus route location) are treated as exogenous variables. The optimal headway is found by setting the first derivative of the total cost function with respect to headway (H B ) equal to zero, as formulated in Equation (16), and solving it.
(16) Thus, the optimal bus headway H B is derived as:
Since all variables are nonnegative, the second derivative of the total cost function with respect to H B is always positive. The objective function is thus convex, and a unique optimal headway exists for any given matrices and B IJ . Therefore, the minimum total system cost can be obtained by substituting the optimal headway into Equation 15.
The optimal headway must meet the route capacity constraint that states that the total route capacity should satisfy (i.e., be at least equal to) the peak-passenger demand. Thus,
C represents vehicle capacity.
The value of H B must satisfy the following condition:
Therefore, the headway will decrease if the demand Q increases. Since the reduced headway may increase the fleet size, as well as the operator cost, another approach to total cost optimization would be to change the bus size. This, in turn, may cause the change in the u B , while the headway H B and the bus route configuration need to be reoptimized.
Solution Method
The first step in finding the optimal solution is to identify all candidate bus routes. The route location depends on the shape and size of the street network, but even for relatively small networks it is necessary to develop an algorithm and computer program to compute the optimal solution. The Exhaustive Search (ES) algorithm [11] is applied to determine the optimal bus route location. The algorithm defines all possible bus routes in the network by altering matrices , , and B IJ ; optimizes headway; calculates the total cost of each candidate route; and then finally selects the optimal solution with the minimum total cost. Routes containing at least one dummy link are not considered candidate routes. A computer program is developed to process the network geometry and demand data, apply the ES algorithm, and generate the optimal solution. The program used network geometry data that can be extracted from the existing Geographic Information System (GIS) database. The program can be modified to directly retrieve input data about streets (links), intersections (nodes), and zones (street blocks) from the GIS database. This would automate the computational process, and at the same time, existing geographic data would be used as an input of the model. Another improvement of the code could, after the optimization is completed, enable the optimal solution to be uploaded into the GIS database, and then the optimal bus route can be displayed graphically.
An Example
To illustrate the application of the model developed in this study, a numerical example is designed based on the street network with given geometric and demographic data over the service region. The analyzed network is similar to many urban commuter networks (e.g., Washington, D.C.; Chicago; Houston; and Manhattan Island in New York City, etc., as shown in Figure 2) where this model can be applied if real-world data are available. These networks usually consist of rectangular zones with diagonal thoroughfares. As mentioned before, the developed model can become even more efficient if it is integrated with the GIS database. To demonstrate the performance of the developed model, a hypothetical example is designed. The analyzed service area with an underlying street network is shown in Figure 3a . The width of the service area is 1.57 km, while the length is 2.24 km. The network consists of m (8) rows and n (7) columns making 56 zones. Passenger demand for each zone is given and varies from one zone to another. Total demand for the service region is 133 passengers per hour. Buses enter the network from the left (west) and move eastward on the way to the CBD. The buses operate as a local service over the service area, and express service (no stops) is assumed from the end of the service area to the CBD. Total length of the express leg is 6.43 km.
Figure 3a: Case Study Network (in millions)
There are three diagonal links in the network. These links are transformed into horizontal and vertical links to preserve the pure grid structure (Figure 3b ; the gray-colored lines showing diagonal links are not part of the modified network). The lengths of the diagonal links going from the northwest to the southeast corner are 0.43 km, 0.47 km, and 0.43 km, respectively. The delays at intersections are given and vary between 30 and 45 seconds per vehicle. All the other parameters of the network are given in Table 2 . After the ES algorithm is performed, the objective total cost function is minimized. The optimal bus route is denoted as Route A and shown in Figure 4a . The total route length is found to be 2.5 km long with the optimal headway of 14.2 minutes. The one-way travel time per trip including the express line-haul portion is 15.5 minutes and the minimum total cost is $486/hour.
Figure 4a: Optimal Bus Route A
The fleet size necessary to operate on the optimal route with the optimal headway is 2.2 buses. Since in reality the number of buses must be an integer, the fleet size is arbitrarily rounded to two and three buses. The final headway is recalculated based on the new fleet sizes (2 or 3 buses). The fleet with three buses can be operated at the headway of 10.6 minutes achieving the total cost of $499/hour. On the other hand, the fleet with two buses can be operated at the headway of 15.9 minutes and requires $488/hour. The optimal fleet size of two buses has been chosen.
Sensitivity Analysis
A sensitivity analysis is performed to investigate how the model reacts to variations in the values of different parameters. Three parameters are analyzed:
1. Bus size: Three bus sizes are considered: 35, 50, and 70 passengers per vehicle, respectively. The average hourly bus operating costs vary with bus size.
Demand:
For each zone in the network, the demand ranges from 70 percent to 150 percent of its original value.
Value of passenger time:
Passenger wait time and access time are assumed identical and their values vary from $10 to $15/passenger-hour, while the passenger in-vehicle time ranges from $4 to $10/passenger-hour. For this calculation, the value of in-vehicle time is $5 less than the value of wait time.
The bus route location does not change with a variation in the value of passenger time. The same holds when the demand is increased by 50 percent. However, if the demand is increased by more than 50 percent, the configuration of the bus route changes. The new bus route is shown in Figure 4b and labeled as Route B. Route B is 2.93 km long, operates at the optimal headway of 10.2 minutes and has a one-way trip time, including the line haul, of 17.4 minutes. Total cost is $837/hour. This change of route configuration indicates that the model is sensitive to variations in demand. Route B is longer than Route A, and this increase resulted in an increase in in-vehicle cost. However, the reduction in access cost caused by the route relocation offsets this increase in in-vehicle cost.
Figure 4b: Optimal Bus Route B
The impact of the change in headway on user, operator, and total costs is also analyzed ( Figure 5 ). Short headway resulting in high operator costs (due to large fleet size required) reduces user costs because of less waiting time. The optimal headway is reached in point B (14.2-minute headway), at which the minimum total cost is achieved, while the operator and user costs are $159/hour and $327/ hour, respectively. Figure 6 shows the relationship between demand and optimal headway. For various bus sizes, the optimal headway decreases as the demand increases. Analysis results show that regardless of the variation in demand or in the value of passenger
Insert Figure 5: System Cost Versus Headway
time, the 35-passenger-per-bus vehicle size is the most preferable as it yields the minimum total cost. Figure 7 shows that even change of headway does not change the optimality of using smaller buses to serve the analyzed region. In addition, Figure 8 shows that the increase in value of passenger time results in an increase in user cost. Thus, the optimal headway decreases. 
Conclusions
This article has presented a model for optimizing bus route in an urban commuter network, while considering a more realistic street pattern and demand distribution. The network transformation procedure developed in this study facilitates the models dealing with grid networks to be applied to irregular grid networks.
The model enables transit operators to optimize bus route and headway while enhancing efficient fleet management. Results derived from the model are easy to interpret and support effective decision making. Through sensitivity analysis different demand and supply conditions were evaluated by varying the optimal bus route so that it is sensitive to demand distributions, as well as value of time. Thus, the model and developed computer program are able to efficiently search for optimal solution in various conditions. The model can be easily modified to account for changes of spatial (e.g., one-way street, roadway/lane closure, reversible lane) and temporal (e.g., incidents, special events) conditions. All these features enhance transit planners' capability to redesign bus routes in areas that may experience significant shifts in residential density, as well as geographic or physical changes of the street network.
The total cost minimization model proposed in this article may be used iteratively with a demand reestimation model to ensure that the bus system is optimized for equilibrium demand. A model that analytically integrates supply system optimization with the demand equilibration approach (e.g., as in Chang and Schonfeld [1993] or Kocur and Hendrickson [1992] ) would be a desirable extension to the proposed model. It can also be further improved by introducing multiple bus routes to optimization procedure, which would make the model even more realistic and applicable.
A very important extension of this research is design of an interface with GIS databases containing real-world information on street geometry, demography, and traffic conditions in the studied service area. This information includes average vehicle operating speeds in different zones, street patterns, rights-of-way, street directionality, and time and spatial distribution of passenger demand. The GIS interface would enable data exchange between model and GIS: input data would be automatically retrieved from the GIS database, and the solution would be geocoded, loaded back into database, and displayed using graphic capabilities of the GIS software. This would improve analysis and let the user easily browse through different scenarios and corresponding solutions and to compare them.
